The frequency characteristics of a VCSEL with a quarter-wave plate (QWP) and an external reflector are investigated with the translation matrix of the vectorial field. Two series of eigenmode with a shift of half the free spectrum range are linearly polarized, respectively, along the neutral axes of QWP. We also numerically explore the polarization self-modulation phenomenon by using a vectorial laser equation and considering the inhomogeneous broadening of the gain medium. If the external cavity is so short that the shift is bigger than the homogeneous broadening, two stable longitudinal modes oscillate, respectively, on the neutral axes of QWP because they consume different carriers. With a long external cavity, the competition of the modes for the common carriers causes the intensity fluctuation of the modes with a period of one round-trip time of the external cavity.
Introduction
The light from a vertical-cavity surface-emitting laser (VCSEL) is linearly polarized along one of the two orthogonal crystal directions, and the linearly polarized modes arise from an intracavity birefringence aligned on the crystal axes (defined as x-and y-directions) [1] . When an external reflector and a quarterwave plate (QWP), whose optical axes are oriented at AE45°with respect to x-direction, are used to provide an optical feedback, a VCSEL operates in a polarization self-modulation state at a period slightly longer than twofold the external-cavity round-trip time [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Most of the reported experiments focus on the intensity waveforms and the frequency characteristics on the neutral axes of QWP and the eigenaxes of VCSELs [2] [3] [4] [5] [6] [7] [8] [9] [10] .
For a long external cavity, if x-(or y-) polarization mode oscillates and the other is almost totally suppressed, which corresponds to the approximate square-wave forms of the intensities, and the polarization Optics Communications 219 (2003) 307-315 www.elsevier.com/locate/optcom switching happens. With a short external cavity, the square-wave output changes into the sinusoidal curve and antiphase between x-and y-polarized modes can be found [3] [4] [5] [6] [7] [8] . Another important experimental result is the difference of the frequency characteristics on the two eigenaxes of the VCSELs and on the neutral axes of the QWP. The spectrum of x-or y-polarized modes usually consists in a few successive modes with a frequency separation, Dm AE , of about half the free spectrum range (FSR) of the external cavity. On each neutral axis of the QWP, however, there is one comb of successive longitudinal modes with a mode separation of 2Dm AE and the frequency shift between the two combs equals Dm AE . They gradually degenerate into two stable longitudinal modes by shortening the external cavity. Meanwhile, on each eigenaxis of the VCSEL, there are two successive modes with a separation of Dm AE , which corresponds to the sinusoidal modulation of the intensities and antiphase effect [7] .
Several models are used to explain the dynamical behaviors of the VCSELs [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . By using the model of beatnote between the eigenmodes, Brunel et al. [6] and Ropars et al. [9] successfully explained the comb structure of the laser spectra on the neutral axes of the QWP in VCSELs and He-Ne laser. The beatnote model was also in agreement with Ginovart et al.Õs experimental results in which a short external cavity was used [7] . The other models focused on the investigation of the dynamical behaviors such as the waveforms and the rf spectrum of the intensities on the eigenaxes of the VCSEL. In fact, because the transitions with different frequencies from the conduction to the valence bands are produced by different carriers, the inhomogeneous broadening of the gain medium should be considered in the analysis of the dynamical behaviors above [16] . This broadening effect makes the oscillation of different eigenmodes on the neutral axes of the QWP consume different carriers if the external cavity is so short that the shift is bigger than the homogeneous broadening of the carriers. For a shift being smaller than the homogeneous broadening, however, the competition of the eigenmodes for the common carriers induces the periodic fluctuation of the eigenmode intensities.
In this paper, we analyse the frequency characteristics of the eigenmodes of a VCSEL with a QWP and an external reflector in Section 2 by using the translation matrix for the vectorial field. Then, Section 3 presents the establishment of the vectorial laser equation. In order to take into account the inhomogeneous broadening of the gain medium, we divide the carriers into three parts: the first two parts are, respectively, consumed by the two series of eigenmode and the third, as the common carriers, interacts with both of them. In Section 4, the dynamical behaviors and the frequency characteristics are numerically investigated and a brief discussion on the results is also given.
Translation matrix and frequency characteristics
The typical structure of a polarization self-modulation VCSEL is shown in Fig. 1 , where a QWP is inserted into the external cavity oriented at 45°with respect to the eigenaxes of the VCSEL. On the two Fig. 1 . General scheme of a polarization self-modulation VCSEL with an external cavity and a QWP where the angle of the neutral axes of the QWP with respect to the eigenaxes of the VCSEL is 45°. neutral axes of the QWP, the forward and backward running wave components and the outputs at the two sides of the laser can be expressed as
where the subscripts ''f'' and ''b'' denote the forward and the backward propagation of the light fields and ''+'' and '')'' the fast and the slow axes of the QWP, respectively. The vectorial translation matrixes of the two mirrors of the VCSEL and the external reflector, T 1 , T 2 and T 3 , can be written as (d ¼ 1; 2; 3) [17] :
where
For simplicity, the elements of the matrixes are assumed to be real. Moreover, in order to keep the electric fields with the same sign before and after being reflected by the mirrors, the elements of the matrixes follow the equations:
and
3 , where r d and t d are the reflectance and transmittance of the mirrors for the electric field. The translation matrix of the running wave propagation in the external cavity is expressed as:
where L and k 0 are the external-cavity length and the corresponding wavenumber, respectively. However, by considering the birefringence effect inside the VCSEL, the translation matrix changes into 
where k x and k y are the wavenumbers on x-and y-directions, respectively, and l is the cavity length of the VCSEL. On the other hand, the electric fields are amplified by the gain medium when they pass through it. Therefore, the translation matrix for the amplification can be written as
where A gþ , A gÀ , D
À1
gþ and D
gÀ are the static amplification coefficients of the forward and backward running waves, respectively. When the electric fields pass through the QWP, a phase delay of p=2 is added to the components on the slow axis and the corresponding translation matrix is defined as:
Since the translation matrix can be used to describe the propagation of the electric fields in the cavity, the steady state outputs at the two sides of the laser satisfy the following matrix equation:
Specifically, we introduce the variables X þ , X À , r þ and r À , which are defined by
Considering the cavity of the VCSELs to be very short and k x % k y , we can get
By introducing Eqs. (1)- (6) into Eq. (7) and using inequality (9), we can obtain that the eigen-wavenumbers of the electric fields on the fast and slow axis of the QWP, k þ and k À , respectively, satisfy
From Eqs. (10a) and (10b), it is straightforward that the frequency shift between the two series of eigenmodes is c=4L and the mode separation of each series of eigenmodes is c=2L, respectively, which are the same as the theoretical results derived by Brunel and Ropars et al. and also in agreement with the experiments [6, 7, 9] . For a typical VCSEL, there is the relation: k x l % np % k y l, where n is a small integer, and, therefore, we can get the following solutions of Eqs. (10a) and (10b):
By comparing them with those for the corresponding solitary laser, one can see that the thresholds of the stable modes in Eqs. (11a) and (11b) are lower and those of the unstable ÔantimodesÕ in Eqs. (12a) and (12b) are higher [15] .
Model for numerical simulation
Considering the optical feedback and the rotation of the polarization by the QWP, we modify the vectorial laser equation proposed in [18] to investigate laser dynamical behaviors. Due to the isotropical gain of VCSELs, the vectorial laser equation can be written as:
where E x and E y are the electric fields on the eigenaxes of the VCSEL. k is the decay rate of the electric field in the cavity and s d the lifetime of the carrier. P and Z are the injection current and the angular density of the carrier and s 0 and b are one round-trip time and the feedback strength of the external cavity, respectively. Viewing the electric field on the neutral axes of the QWP, Eqs. (13a)-(13c) can be changed into the following forms:
where E þ and E À are the electric fields on the neutral axes of the QWP, satisfy the following relationships:
The definition of # ¼ h þ 45°is also used. From the analysis in Section 2, we know that E þ and E À are the two series of eigenmodes with a shift of c=4L. Considering the inhomogeneous broadening effect of the gain medium, the carriers are divided into three parts: the first two parts amplify E þ and E À , respectively, and the third interacts with both of them, as shown in Fig. 2 . For a short external cavity, the frequency shift c=4L is so big that the oscillations of E þ and E À are mainly supported by different carriers, as shown in Fig. 2(a) . However, the longer the external cavity, the smaller the frequency shift between E þ and E À , and the stronger competition of them for the common carriers, as shown in Fig. 2(b) . Therefore, Eqs. (14a)-(14c) becomes
where Z 1 , Z 2 and Z 3 are the angular distribution density of the three parts of carrier and P 1 , P 2 and P 3 the corresponding injection currents, respectively. From the analysis in Section 2, one can find that the energy exchange between the two series of eigenmodes on the neutral axes of the QWP is described in Eq. (4) after they pass through the birefringence medium. For simplicity, we have neglected this effect because of the following reasons. First, from Eqs. (4) and (8a) and (8b), we can conclude that the exchange is very weak. On the other hand, for the two components on the neutral axes of the QWP with the same frequency, one is a normal longitudinal mode and the other is an anti-mode. Thus, the latter is suppressed by the former because of their different thresholds, as described by Eqs. (11a), (11b) and (12a), (12b).
Results and discussion
Using Eqs. (15a)-(15e), we numerically study the frequency characteristics and the dynamical behaviors of polarization self-modulation of the VCSELs. In the following simulations, we simulate the two typical cases: a short external cavity and a long one.
A short external cavity
When the external cavity becomes so short and the frequency shift c=4L between E þ and E À so big that their interaction through the consumption of the common carriers does not exist, which means P 3 ¼ 0 and In the numerical analysis of the laser equations, we take the same parameter values for gain medium as in other papers [10, 14, 15] :
008 and L ¼ 9 cm. Meanwhile, the photon lifetime is 1 ps and the threshold of the injection current 1. Fig. 3 shows the frequency spectra and the intensity waveforms on the neutral axes of the QWP and the eigenaxes of the VCSEL. There is a singlefrequency electric field on each neutral axis of QWP and the system operates at a CW state, as shown in Fig.  3(b) and (d) . On the eigenaxes of the VCSEL in Fig. 3(a) and (c), the intensity beats and the spectra of the two modes above can be seen and the corresponding mode separation, Dm AE , are slight lower than c=4L because of the amplification of the light by the gain medium. From Eq. (16b), we can see that the frequency shift of E À with respect to E þ leads to the change of the sign in the front of b and, therefore, the two modes are all stable normal modes.
A long external cavity
With a long external cavity, the interaction of the two modes due to the amplification of the modes by the common carriers cannot be neglected. This coupling effect causes the periodic fluctuation of the ei- genmode intensities. Fig. 4 shows the intensity waveforms and the spectra when the external cavity and the pumps are takes as L ¼ 15 cm, P 1 ¼ P 2 ¼ 1:45 and P 3 ¼ 0:05, respectively. As analyzed in Section 2, the two series of eigenmodes, E þ and E À , have a frequency shift Dm AE and consist in a few successive longitudinal modes with a separation of 2Dm AE , as shown in Fig. 4(b) , which are the same as the previous experiment results [6, 9] . On each one of the eigenaxes of VCSEL, the spectrum is a successive longitudinal modes with a mode separation of Dm AE . The competition of E þ and E À for the common carriers also changes the waveforms of the intensities on the eigenaxes of the VCSEL from the sinusoidal modualtion into the similar square-wave, as shown in Fig. 4(c) .
To increase P 3 results in the oscillation of more longitudinal modes on neutral axes of the QWP. However, it is impossible to simulate the intensity waveforms on the eigenaxes of the VCSEL quantitatively because the adiabatic approximation has been used in the vectorial laser equations [18, 19] . In general, the transverse relaxation rate (TRR) of the gain medium of a VCSEL is very high and it belongs a class B laser. Unfortunately, TRRs for most of gain media are unknown within our knowledge [19] . For a polarization self-modulation VCSEL, there should be a stronge dependence of the intensity waveforms on TRR due to a very short cavity and a not long external cavity. It is obvious that lower TRR results in fewer longitudinal modes because TRR is directly proportional to the polarization rate of the gain medium by the eletcric field.
Conclusion
In summary, by considering the structure of a VCSEL with a QWP and an external reflector and using translation matrix for a vectorial field, we obtain the mode separation and the frequency shift of the two eigenmodes on the neutral axes of the QWP. Incorporating the inhomogeneous broadening, we provide a set of laser equation to simulate the polarization self-modulation phenomenon. For a short external cavity, there is no interaction between E þ and E À because they consume different carriers and possess a frequency shift of Dm AE slightly lower than c=4L. With a long external cavity, however, the competition of E þ and E À for the common carriers causes their fluctuation with a period of about one round-trip time, which corresponds to a few successive longitudinal modes on each neutral axis of the QWP, with a separation of 2Dm AE .
